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Abstract Let M be a von Neumann algebra acting on a Hilbert space H and let S be a dense
lineal in H that is affiliated with a von Neumann algebra M. The “topological” definition
of measures on the classes of orthoclosed and splitting subspaces of § affiliated with a von
Neumann algebra M is given and results on the relationships of these measures to measures
on orthoprojections of the algebra M are presented.
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1 Introduction

Let M be a von Neumann algebra acting on a Hilbert space H and let S be a dense lineal in
H that is affiliated with a von Neumann algebra M (Sn.M), i.e., S is invariant with respect
to an arbitrary operator in the commutant M’ of the algebra M. We consider the following
classes of subspaces of S:

L 1((S), the class of all closed subspaces of § affiliated with a von Neumann algebra M;
Fr(S), the class of all orthoclosed subspaces of § affiliated with M, i.e.,

Fam(8) ={X S S| X=X"" XnM);
E ,((S), the class of all splitting subspaces of § affiliated with M, i.e.,
Em(S)={XCS|X®Xt=S5,XnM).
Note that the following chain of inclusions takes place:

Epn(8) € Fa(S) S Laa(S). ey
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For X C S, we denote by the symbol [X] the closure of X in H. By M?" we denote the
class of all orthoprojections of a von Neumann algebra M.

Lemma 1 Let X be a subspace in S such that XnM, p is a orthoprojection to [ X]. Then
peM.

Lemma 2 Let X € E(S). Then H =[X]® [X*].

Proposition 3

@) LmS)={R(p)NS|peM};
(i) Fu(S)={R(p)NS|peM, [R(p)NS]=R(p),[R(1-p)NS]=RA - p)};
(iii) Ep(S) ={R(p)NS|peM’ , R(p)NS=pS}.

Proof (i) Let X € L(S). Then [X] is a subspace in H. Let p be a orthoprojection
to [X]. By Lemma 1, p € M?". Then X C S, X C [X] = R(p), i.e, X S R(p) N S.
Since X is closed in S, it follows that R(p) NS = X. To prove the reverse inclusion,
note that R(p) N S is closed in S and (R(p) N S)nM. In fact, since p € M?", it follows
that upf = puf € R(p) Yu e M"", f € H), i.e. u(R(p)) € R(p) (Vu € M™™). Then
Lpm(S)={R(p)NS|peM}.

(i1) Let X € Faq(S). Then [X] is a subspace in H. Let p be a orthoprojection to [X].
Then X =R(p)N S, ie., [R(p) N S]=R(p). In addition, X+ =R — p) N S. In fact,

Xt ={feS|(fg)=0YgeX=R(p)NS}={feS|(f.g)=0VYgeR(p)}
={feS|fe®RpNh

Let[X*] =R(qg) (g € MP"). Then R(p)NS = X = X+ =R —g)NS. Consequently,
qg=1—pand R(I — p) =[R( — p) N S]. To prove the reverse inclusion, consider X =
R(p)N S, where p e MP" [R(p) N S]=R(p), [R(1 — p)NS]=R( — p). Then

Xt={feS|(f.g)=0VgeR(p)NS}={f€S|(f.g)=0VYgeR(p)}.
ie. X*=RUI—-p)NS.
X" =RUI—-(UI-p)NS=R(p)NS,
ie X =Xt
In addition, XnM.

(iii) Let X € EA((S).Then [X] is a subspace in H. Let p be a orthoprojection to [X].
Since X € E ,(S), we have by Lemma 2

f=h+/f VfeSs,
where f, € X C[X], f» € Xt C[X*]. Then pf = fi e R(p)N S,ie. pS CR(p) NS and
pS € X. In addition, R(p) NS € pS.Infact, Vf e R(p) NS f=pf e pS. Thus, R(p)N
S = pS. Consequently, X = R(p) NS = pS. To prove the reverse inclusion, consider X =
R(p)N S = pS, where p € MP". Then X+ =R — p) N S. Thus, it suffices to prove that

SCR(P)NS)®(RU —p)NS).
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Let f€S.Then f=pf+ U — p)f, where pf e pS=R(p)NS, I —p)f e RU —
p)f NS (S is lineal). Since pf L(I — p)f, we have f € (R(p) N S) d (R(I — p)NS).
Then S = X @ X+, where X =R(p) N S and (R(p) N S)nM. O

Example 4 Let M be a commutative von Neumann algebra. Let us show that in this case
we have E (S) = Fa(S) = Laq(S). Let X € La(S) and p € MP" be such that X =
R(p) N S. We clearly have X C pS. Conversely, since M C M’ and SnM, it follows that
pSnM, pS C S, and thus pS C R(p) N S = X. It remains to apply Proposition 3(iii).

2 The Representation Space of a von Neumann Algebra Associated with a Weight

Let ¢ be a faithful normal semifinite weight on a semifinite von Neumann algebra M.
Denote by $) the Hilbert space being the completion n, = {x € M | p(x*x) < +o00} with
respect to the scalar product (X, y) = ¢(y*x) (x, y € n,). (Here X is the image of x under the
identity embedding n,, into $).) Then the mapping 7, : M — B($)), defined by 7, (x)§ = Xy
(x € M, y € ny), determines an *-representation of the algebra M into the algebra B($)).

Let 9 = m,(M) be the image of M under the canonical representation associated
with ¢. Then m, is an isomorphism of the von Neumann algebra A onto the von Neu-
mann algebra 91. Let in addition ¢, be the weight obtained by transferring of the weight ¢
to the algebra 7, (M): ¢, (1, (x)) = @(x) (x € M™).

By D,, we denote the lineal of the weight ¢, . In accordance with the general theory of
Hilbert algebras, there is associated with a von Neumann algebra M the left Hilbert algebra
A={x|xen,N n:‘;}. Consider

Ay ={f € 9 | the mapping ¥ — 7, (x) f (x € n,) is continuous},

the set of bounded from the right elements with respect to the left Hilbert algebra . It is
known that 2j; = D, . The lineal D, is affiliated with 9t and is dense in $.

Thus, we consider the following situation: a von Neumann algebra 91 acts in a Hilbert
space ). Let S =D, be a dense in §) lineal affiliated with 901.

Theorem 5 If, in the framework of the described construction, ¢ is a trace, then
Eon(S) = Fon(S) = Lon($).

Proof Note first that any orthoprojector from 9t can be represented in the form 7, (p),
where p € M?". Since ¢ is a trace, the set n, is a two-sided ideal. Let us show that 77, (p)S C
S for any p e MP". Let f € S, i. e., the mapping X — 7, (x) f is continuous (x € ny). In
particular, the mapping xXp — m,(xp) f is continuous (because n, is a two-sided ideal).
Since

IZp11* = (Xp, Xp) = ¢(px*xp) = @(xpx*) < p(xx*) = | X,

it follows that the mapping X — xp is continuous. Since the mapping xp — 7, (xp) f is con-
tinuous, it follows that the mapping X — 7, (x)7,(p) f (= 7, (xp) f) is continuous. Thus,
,(p)f € S for f € S. Hence it follows that any subspace S affiliated with 97 is splitting,
ie. Egn(S) = For(S) = Lon(S). g
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Remark If we consider the algebra of all bounded operators 5(H) as a von Neumann alge-
bra and the standard trace 7y on B(H)), then

Ny, = {x € B(H) | to(x*x) < 400}

coincides with the set of Hilbert-Schmidt operators acting in H. As is known, the set of
Hilbert-Schmidt operators endowed with the scalar product (X, y) = 1o(y*x) (x, y € ny) is
a Hilbert space, i.e., in the framework of the construction under consideration, the unitary
space S is complete. Consequently, Egyn(S) = Fon(S) = Lon(S).

Consider in detail the construction described above in the case of the algebra B(H) of
all bounded linear operators in a separable Hilbert space H. Let ¢ be a faithful normal
semifinite weight on the von Neumann algebra B(H) of all bounded linear operators in a
separable Hilbert space H. Let k > 0 be a self-adjoint operator which is defined [4] by

@(x) = 1o (kx).
(Here 1y is the standard trace on B(H).) We let
ne ={x € B(H) | p(x*x) < 400} = {x € B(H) | to(kx"x) < +00}.

Proposition 6 Let ¢ be a faithful normal semifinite weight on the algebra B(H) and k the
nonnegative self-adjoint operator defined by (1). An operator x belongs to n, if and only if
k'2x* € €,(H). (Here ¢,(H) is the set of Hilbert-Schmidt operators acting in the Hilbert
space H).

Proof Necessity. Let x € n,. Show first that D(k'?*x*) = H. Let f € H be arbi-
trary. We have (k.x* f, x* f) = (xk.x* f, f) < | fII*> - To(xkox*). Then sup, (kex* f,x* f) <
||f||2supg To(kex*x) = || f1I?@(x*x) < 400 and x* f € D(k'/?). Therefore, f € D(k'?x*).
Thus, D(k'/?x*) = H. Since k'/? is closed, it follows that k'/2x* is also closed. But a closed
operator defined on the whole Hilbert space is bounded. Let (e¢;) be an orthonormal basis
in H. Then, for any n € N,

n n +o00
12 %, 11/2.,\ _ 15 172 %, 12 : 1/2 %, 12
E (k'“xe;, k' "xe;) _19%1 ‘El ke “x el Sl;ﬂ)l -21 ks “x"ei]]
i= i=

i=1

= liﬁ)l To(xkex™) = @(x*x) < 4o00.

Since n an arbitrary number, it follows that Z:ff lk'2x*e;||* < +o00. Therefore, k'/?x* is a
Hilbert-Schmidt operator.
Sufficiency. Let k!/2x* be a Hilbert-Schmidt operator. Since

“+0o0 +00
7o (kx*x) =lim 7o (k. x*x) = lim 7o (xk,x*) = lim kV2x*e|? = k'2x%e;|)? < +oo,
o(kx"x) = Tim zo(kex"x) = 1im 7o (xkex") ew_len Lt = ) Ik x e <+
i

i=1

we have ¢(x*x) = 1o (kx*x) < 400, i.e. x € ny. O

Theorem 7 The mapping x — xk'/? (x € n,) defines an isometric isomorphism between
the Hilbert space $ and the Hilbert space €, of Hilbert-Schmidt operators in the initial
space H.
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Proof Since xk'/2 = (k'/2x*)*, from Proposition 6 it follows that xk!/2 € €,. By the defi-
nition of the scalar products in the spaces €, and $ and by virtue of the completeness of
these spaces, it suffices to show that the set 91 = {xk!/2 | x € n,,} is dense in &,. Since any
Hilbert-Schmidt operator can be represented in the formz =) I (-,&;)&;, where (§;) is an

appropriate orthonormal system in H, and ) j A? < 400, it follows that this operator can be
approximated in the Hilbert-Schmidt norm by operators of the form z, = Z;:l A E)E;.
Thus, it suffices to prove that an operator of the form (-, £)¢ (¢ € H, ||£]| = 1) can be ap-
proximated in the norm of the space &, by operators from 1.

Since R (k'/?) is dense in H, there exists a sequence (1,) C D (k'/?) such that k'/%n,, — &
(n — +00). We let x; = (-, &)n,. Then

lxak 172 = (- E)EIIS = 1K' 2x — (- E)ENS = 1(- &) (k' >0y — E)I3
= |Ik'"2n, — &> — 0. O

Proposition 8 Any lineal X in S affiliated with I is of the form
X ={k'"?x* | x €i,),
where iy, is a left ideal in B(H), J* = {x* € B(H) | k'/*x* € X} is a right ideal in B(H).

For a lineal X C § affiliated with 9, we let A(X) = [J,+;« R(x*). Obviously, any
operator z from X can be represented in the form

2= (&K Pn;, my e AKX, ©)
j
where (&;) is an appropriate orthonormal system in H, (k'/*5;) is an orthogonal system
in H,and Y [[k'/n; > < +o0.

We continue to study in detail the construction of the representation space of the algebra
B(H) associated with a faithful normal semifinite weight assuming that the operator k is
bounded.

If X € Lon(S), then A(X) = [A(X)], where [A(X)] is the closure of A(X) in H. Fur-
thermore, z € X if and only if representation (2) takes place.

Theorem 9 If X € Lon(S), then there exists p € B(H)?" such that
X=5,= (k"2 px* | x* = px* € ny}.

Proof Let p = pa(x). Obviously, X C S,,.
To prove the reverse inclusion, consider

12 12
z=k'"2x* =k'"*px* €S,

172

This operator admits representation (2) since k'/“x* is a Hilbert-Schmidt operator. Then

2

o0
= Y K0 > >0 (s > +00)
2 j=s+1

R

2= (&K,

Jj=1

(by virtue of the convergence of the series). Consequently, z can be approximated by finite-
dimensional operators from X. But X is closed. Therefore, z = K2x* e X. O
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Theorem 10 For S, € Loy (S) the following conditions are equivalent:

i) Sp € Eqn(9),
(ii) there exists an orthoprojector g € B(H)P" with the properties:

pkq=0, TR(p)+R(q)=H.

Proof (i) = (ii) Let n € H be arbitrary. Then (-, £)k'/?n € S(§€ € H, ||€|| = 1). Since
S=8,8S, (S, =(Sy)*, p,q € BH)"), it follows that (-, £)k'/?n = k' px} + k'*qx;
(xi, x5 € ny). Then k'2n = kl/szi‘é‘ + kl/qufé, ie k'2(n— pxi& —qx;€&) =0. Conse-
quently, n = px{é + gx3;§ € R(p) + R(q). We have H C R(p) + R(g) € H.

(ii) = (i). Let S, € Lan(S), pkq =0, R(p) + R(g) = H. We need to show that S, €
Emn(S). We let (S,)* =S, € Lan(S). Let (-, £)k'/?n € S be an arbitrary one-dimensional
operator. Since n = pf + gh, (f,h € H), it follows that (-, £)k'?n = (-, )k'?pf +
(-,€)k'?qh. Since pf € A(X), gh € A(Y) (here X = S,, Y = §,), it follows that
(- E)K'2pf €S, (- E)k'2qh € S,ie. SV C S, & S,. Similarly, for Y /_, (-, &)k'*n; €
SUin we have

D G EK P =D (L EK P pfi 4 Y (&K Pqhi €S, + S,
i=1 i=1 i=1
Then SVW C S, @ S,.

Let now z = Z[(~,5i)k'/2n,~ € S be arbitrary. We have i n; = pf; + gh; for any i.
In addition, [|k'2n;|? = |k'2pfi||> + ||k'/>qh;|>. Since > &2 )> < 400, it fol-
lows that Y, [k'?pfi|* < +o0, Y., Ik'2qh;|*> < +oo. Let z, = >, (-, &)k pfi, z, =
> i &)k 2qh;. Then

2,113 = Z<Z<s,-, EVK'Ppfi Y (&, sk>k‘/2pfk>

iV k
=Y (K"pf; k" pfiy =Y Ik pfill* < 400
J iel
and z,, € n,. Similarly, z, € n,. d

3 Measures on Classes of Subspaces

Since there exists a certain correspondence between the subspaces of the unitary space af-
filiated with a von Neumann algebra and the orthogonal projectors from this algebra, the
problem arises of introducing measures on the classes of subspaces under consideration and
of studying relations between the measures on the classes of subspaces and the measures on
the orthoprojections of the initial von Neumann algebra.

In what follows by IC¢(S) we denote one of the following classes {Er((S), Fa(S),
L r(S)} and by B;; X; the closure of the set ling{X; | i € I} in S for pairwise orthogonal
subspaces from L »(S).

Definition 11 A mapping i : Ko (S) — R is called a measure (a finitely additive measure,
and a completely additive measure, respectively) if, for any countable (finite, and arbitrary,
respectively) family of mutually orthogonal subspaces X; € K,4(S) (i € I), the condition

@iel X; € K:M(S) yieldS M(@,‘g[ Xi) = Z,‘g[ N(Xi)-
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Proposition 12 Let m : MP" — RY be a measure (a finitely additive measure, a completely
additive measure, respectively). Then the relation

nX)y=m(pyx) (X € Km($)

defines a measure (a finitely additive measure, a completely additive measure, respectively)
on the class K y((S).

Proof By the chain of inclusions (1), it suffices to prove the assertion for the class L ,((S).
Let {X;} € L ((S) be a family of mutually orthogonal subspaces. Then p; = pix,) (i € I)
are pairwise orthogonal orthoprojections in the algebra M. Moreover, p =) ,_; pi = pPixJ,
where X = P, ; X;. Therefore,

pX)=m(px) =y m(p) =Y wX,),

iel iel

where the second relation in the above chain holds for any countable (finite, and arbitrary,
respectively) sum if m is a measure (a finitely additive measure, and a completely additive
measure, respectively).

The inverse problem is in the study of conditions under which a measure (a finitely addi-
tive measure, and a completely additive measure, respectively) on the class /Cr(S) admits
a “lifting” to a measure (a finitely additive measure, and a completely additive measure, re-
spectively) on the orthoprojections of the algebra M is seemingly not very simple. Let us
present two results in this direction. a

Proposition 13 If E ,((S) = L p(S) and if i is a measure (a finitely additive measure, and
a completely additive measure, respectively) on E r,(S), then the relation

m(p)=un(pS) (pe M)

defines a measure (a finitely additive measure, and a completely additive measure, respec-
tively) on MP".

Proof By Proposition 3, the mapping u : M?" — R* is well defined on E(S). Let
P =D Pi» where p;p; =0 (i # j) and the set I is countable (finite, and arbitrary, re-
spectively). Since

<ZP:‘)S= (@Pis),
iel iel
it follows that
m(p) = u((Zm)S) = M(EBpiS> =D up:S)=Y mp).
iel iel iel iel

Let S be a unitary space and let E(S), F(S), and L(S) be the classes of splitting, or-
thoclosed, and closed subspaces of S, respectively. These classes are naturally identified
with the classes Epy(S), Fpy(S) and Ly (S), where H is the Hilbert space that is the
completion of S. a
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Theorem 14 Let S be an infinite-dimensional separable unitary space and let | : Ky —
R* be a measure. Then there exists a measure m : B(H)?" — R that is uniquely defined
by the condition

m((-, f)) = plinc{f}) fes IfI=1

Proof Since all one-dimensional subspaces of S are splitting (and hence belong to Kp#)),
it follows that we can define a function on the unit sphere of the space S by the formula

p(f)=n(line{f}) feS Ifl=1

This is a function of frame type in the Hilbert space H (the completion of §) [1], and thus
is a restriction to the unit sphere of the space § of a positive quadratic form ¢(f, f) (f € S)
that has a finite matrix trace [1]. By Theorem 4 in [1], this quadratic form is defined by a
trace-class operator T > 0,

t(f!f)=<Tf7f> (f,gES)

The mapping m : B(H)?" — R* given by the relation
m(p)=w(Tp) (peB(H)")

is the desired measure. O

Remark 1t follows from the results of the note that Theorem 14 can be extended to complex-
valued o -additive charges.

We consider the representation space of the algebra B(H) associated with a faithful nor-
mal semifinite weight ¢ having bounded Radon-Nikodym derivative k, 9 = 7, (B(H)) is
the image of B(H) under the indicated representation.

Theorem 15 A measure given Kegn (S) admits an “extension” to a measure on the orthopro-
Jections of the algebra 9.

Proof Let £L=TR(k'/?) be a dense in H lineal and £, the unit sphere of the unitary space L.
If k'/2¢ € £, then by p we denote the orthoprojection to linc{e}, i.e. p = W (-, ele.

Let now k'/%e;, k'%e, € L1, (k'?e;, k'/?e;) =0, and let p;, p, be the orthoprojections
corresponding to the vectors ey, e;. Let us show that p,kp; = 0. In fact, for any f € H we
have

(key, er)er

_ _{fien)
p2kpif = ||e||2p2k((f7el)el)— e
— <f7el)

W(kl/zel,k'/zez)eg =0.
e

In this case, the orthogonality condition for subspaces of the space S is fulfilled, i.e.,
Sp, LSy, ; in addition, S,,, S, € Egn(S).

We define a function on £, as follows: p(k'/?e) = u(S,), (k'/?e € £;). The definition
is unambiguous because the equality k'/?e = k'/?¢* implies that k'/2(e — ¢*) =0, i. e.,
e — e* =0 since Ker(k'/?) = {6}.
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Let now (k'/?¢;);c; be an arbitrary orthonormal system from L. Then, for p; =
W(~, e;)e; we have SpiJ_Spj @ #7); Sp, € Ean(S). In this case,

D ok e =Y u(S,) = u(@®S,,) < +oo.

iel iel

In addition, if K is a finite-dimensional subspace in H, then the restriction pgx of p to KN L,
is a frame function in K. Thus, p is a frame type function in H [1]. Then p is the restriction
to £, of a positive quadratic form 7(f, f), f € £ with finite matrix trace. This implies the
existence of a positive operator T, such that t (f, ) =(Tf, f), f € L.

The mapping m : B(H)"" — R, given by mi(p) = Tr(Tp) (p € B(H)""), defines a mea-
sure on B(H)"", and the equality m(m,(p)) = m(p) (p € B(H)"") defines a measure on
omrr. O

Remark The study of measures on the classes of closed subspaces of a unitary space was
initiated by Hamhalter and Ptak in [3] who used the “orthomodular” definition of a measure
on the class F(S). It was assumed that the mapping w : F(S) — R™ satisfies the condition

M(\/ Xi) = Xi:u(Xi)

for any sequence of pairwise orthogonal subspaces X; € F(S). It was established that the
existence of a nonzero measure on the class F(S) is equivalent to the completeness of the
space S. A similar result for the class £(S) was obtained by Dvurecenskij and Pulmannova
in [2]. In fact this means that the “orthomodular” definition of a measure for a unitary (but
incomplete) space is not very rich in content. (However, note that our Definition and a ver-
sion of the Hamhalter—Ptak definition in the context of the von Neumann algebra M are
equivalent for the class L ,(S)).
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